Abstract. Let T be a bounded operator on a complex Banach space X. If V is an open subset of the complex plane, we give a condition sufficient for the mapping f (z) → (T − z)f (z) to have closed range in the Fréchet space H(V, X) of analytic X-valued functions on V . Moreover, we show that there is a largest open set U for which the map f (z) → (T − z)f (z) has closed range in H(V, X) for all V ⊆ U . Finally, we establish analogous results in the setting of the weak- * topology on H(V, X * ).
An operator T ∈ B(X)
Recently, M. Neumann, V. Miller and the first author of the current paper showed, [9, Theorem 2.5] , that T V has closed range in H(V, X) for every open subset V of the "Kato-type" resolvent set of T , an open set that contains the semi-Fredholm region of T , thus extending a result of Eschmeier, [5] . Following Neumann, we say that an operator has the closed range property (CR) on an open set U ⊂ C provided ran (T V ) is closed in H(V, X) for every open subset V of U . Thus T has property (β) on U if and only if T has both SVEP and (CR) on U .
In this note, we give a more general condition that suffices for T ∈ B(X) to have (CR) on an open set U and prove that there is in fact a largest open set ρ CR (T ) on which T has the closed range property. Thus ρ β (T ) = ρ SV EP (T ) ∩ ρ CR (T ). In the last section we establish corresponding results in the setting of the weak- * topology on H(V, X * ).
Main results. We denote the kernel of T ∈ B(X) by ker(T ) and define N ∞ (T ) := n≥0 ker(T n ) and R ∞ (T ) := n≥0 ran (T n ). If T ∈ B(X) is such that ran (T ) is closed and N ∞ (T ) ⊆ R ∞ (T ), then
T is said to be a Kato operator. A systematic exposition of this class, also referred to as semi-regular operators, may be found in [10, Section II.12] ; also see [ [6, 3.1.11] . For each closed subset F of C, define the "glocal" analytic spectral subspace X T (F ) := {x ∈ X : x ∈ ran T C\F }. These spaces are T -invariant, but generally not
The content of Theorem 4 below is that the converse holds under the additional assumption that ran (T − z) is closed for all but countably many z ∈ V . Some additional assumption beyond closeness of the glocal spectral subspaces is seen to be necessary for (CR) by the facts that, on one hand, T has property (β) on all of C precisely when T has (CR) on C, [6, Prop. 3.3.5] , while on the other hand, there is an operator T ∈ B(X) without property (β) but for which X T (F ) is closed for all closed F ⊂ C, [7] .
Proof.
Clearly M is a closed subspace of X and T M ⊂ M .
Since the sets D i and D j are open, simply connected and
This proves (i).
(ii) is an immediate consequence of (i).
Proof. Let Ω ⊂ V 1 ∪V 2 be an open set. We show that T Ω has closed range. Without loss of generality, assume that Ω j = Ω ∩ V j is nonempty for each j, j = 1, 2. So Ω = Ω 1 ∪ Ω 2 and T has (CR) on each Ω j .
Let U be an cover of Ω consisting of open discs such that U contains a disc in each component of
Theorem 3. Let T ∈ B(X). Then there is a largest open set ρ CR (T ) on which T has (CR).

Proof. Let W be the family of all open subsets V ⊂ C such that T has (CR) on V . We show that T has (CR) on the union W = W, which is obviously the largest open set on which T has (CR).
Clearly W is the union of countably many open set W n with (CR). Write
Let Ω ⊂ W be a nonempty open subset. We show that T Ω has closed range. For each n, let Ω n = Ω ∩ V n . Then T has (CR) on each Ω n and Ω = n Ω n . Without loss of generality, we assume that
Define h : Ω → X/M by h| Ω n =g n . Then h is well-defined and analytic on Ω.
Next, we give a condition which implies that T ∈ B(X) has (CR) on an open set V . Note that if T has (CR) on V then the spaces X T (C \ U ) are closed for each open set U ⊂ V . Theorem 4. Let T ∈ B(X) and let V ⊂ C be an open set. Suppose that the set {z ∈ V : ran (T − z) is not closed} is countable and that, for all z ∈ V and r 0 > 0, there is an r, 0 < r < r 0 such that the space X T ({z : |z| ≥ r}) is closed. Then T has (CR) on V .
Proof. Since the conditions of the theorem are inherited by every open subset U of V , it suffices to show that T V has closed range in H(V, X). Moreover, because the set {z ∈ C : ran (T − z) is closed and T − z is not Kato} is countable by [10, II.12 Theorem 13], it follows that
We can construct a sequence (B j ) of mutually disjoint open discs such that r 1 ) , the open disc with center λ 1 and radius r 1 satisfies B(
If we continue in this way, we obtain the required sequence of open discs U E = (B j ) j covering E.
For each z 0 ∈ V \ E we can find a simply connected open set W z0 such that
∈ n B n -in this case there is an r > 0 such that {z : |z − z 0 | < r} ⊂ V \ E and we can take
Suppose then that z 0 ∈ n B n \E. Since the sets B n are mutually disjoint, there is only one j with z 0 ∈ B j , and since the set E is countable, there is a θ, 0 ≤ θ < 2π such that {z 0 + te
Since the set S := {z 0 + te iθ : 0 ≤ t ≤ t 0 } is compact and the set E ∪ ∂V is closed, there is an ε > 0 such that the set
U is an open cover of V satisfying the hypotheses of Lemma 1.
As in Lemma 1, let M = D∈U X T (C \ D) and let T : X/M → X/M be the operator induced by T . By (iii), we have (T − z)M = M for all z ∈ V . We show that T − z is bounded below for each z ∈ V \ E, equivalently, if z ∈ V \ E and
is closed, it follows that dist (x n − w n , ker(T − z)) → 0. But ker(T − z) ⊂ M , and so dist (x n , M ) → 0, i.e.,x n → 0 in X/M as required. Hence T − z is bounded below for each z ∈ V \ E.
The conclusion now follows as in [9] . Suppose that (f n ) n is a sequence in
where |γ| denotes the length of γ. Thus the seminorms p F (f n ) = sup z∈F f n (z) → 0 as n → ∞, and since F is arbitrary, it follows that T V is injective with closed range.
of Lemma 1, Leiterer's theorem implies that T V H(V, M ) = H(V, M ). T V therefore has closed range in H(V, X) by [9, Prop. 2.1], and the theorem is established.
For T ∈ B(X) denote by K(T ) the analytic core of T , i.e., the set of all x 0 ∈ X such that there exists a sequence (x n ) ⊂ X such that T x n = x n−1 (n ≥ 1) and
This set has been shown to play a significant role in the Fredholm theory of Banach space operators; see, for example [1] .
Corollary 5. Let T ∈ B(X) and let V ⊂ C be an open set. Suppose that K(T − z)
is closed for each z ∈ V and that the set {z ∈ V : ran (T − z) is not closed} is countable. Then T has (CR) on V .
Proof. Let z ∈ V and K(T − z) be closed. Clearly (T − z)K(T − z) = K(T − z) and, by the Banach open mapping theorem, there is an
ε > 0 such that K(T − z) = X T (C \ B(z, ε)). (In fact, ε = γ((T − z)| K(T −z) ) −1 ). Clearly X T (C \ W ) = K(T − z) for each open set W with z ∈ W ⊂ B(z,
ε). By Theorem 4, T has (CR) on V .
A generalized Kato decomposition for T ∈ B(X) is a pair of subspaces X 1 , X 2 ∈ Lat (T ) such that X = X 1 ⊕ X 2 , T | X 1 is Kato and T | X 2 is quasinilpotent. The operator T is said to be of Kato-type if T | X2 is nilpotent. It is well known that semi-Fredholm operators are of Kato-type, see e.g. [1] , [10] .
If ρ gk (T ) denotes the set of λ ∈ C such that T − λ has a generalized Kato decomposition, then ρ gk (T ) is open and ρ gk (T ) ∩ σ K (T ) accumulates only on ∂ρ gk (T ). Indeed, suppose that 0 ∈ ρ gk (T ) and that
Moreover, if T has generalized Kato decomposition (X 1 , X 2 ) as above, then by the remarks preceding Lemma 1,
On the other hand, if x ∈ K(T ), write x = u 0 + v 0 with u 0 ∈ X 1 and v 0 ∈ X 2 . We show that v 0 = 0.
Suppose on the contrary that v 0 = 0. Then, by definition, there are sequences (u n ) ⊂ X 1 and (v n ) ⊂ X 2 such that T u n = u n−1 and T v n = v n−1 for all n and C := sup u n + v n 1/n < ∞. Let P ∈ B(X) be the projection with ker P = X 1 and
a contradiction to the assumption that T |X 2 is quasinilpotent. Hence v 0 = 0 and
Thus we have established the following special case of Corollary 5, generalizing [9, Theorem 2.5].
Corollary 6. T ∈ B(X) has (CR) on ρ gk (T ).
Duality and weak- * closed ranges. Let C ∞ = C ∪ {∞} be the Riemann sphere and for U an open neighborhood of ∞, let P (U, X) denote the Fréchet space of analytic functions f : Let us say that T * has the property, (CR)
(ii) If T * has (CR) weak− * on U and F is closed with
Thus ran T V is closed and ran T * V is weak- * closed. The result now follows from Lemma 2.5 (c) and (d) of [4] ; alternatively, one could argue as in the proof of [6, Prop 2.5.14].
Proof. If g ∈ H(U, X) and z ∈ C, choose a contour γ 1 surrounding {z} ∪ (C \ U ) in the sense of Cauchy's theorem, and define g 1 (z) =
is independent of the choice of γ 1 , and so g 1 ∈ H(C, X). Similarly, for z ∈ U , let γ 2 be a contour surrounding C \ U in C \ {z} and define g 2 
is independent of the choice of γ 2 ; thus g 2 ∈ H(U, X) and |g 2 (z)| → 0 as z → ∞, so g 2 ∈ P (U ∞ , X). If z ∈ U and γ 1 and γ 2 are disjoint contours as above, then, since
The mappings g → g j are clearly continuous with ranges H(C, X) and P (U ∞ , X), respectively. If g ∈ P (U ∞ , X) and γ 1 surrounds {z} ∪ (C \ U ), then Lemma 9. Let F 1 and F 2 be closed in C ∞ with ∞ ∈ F 1 ∩ F 2 , and let
, is injective with weak- * closed range.
Proof. If ∞ ∈ F is closed and U is open with
. Then a mapping S from P (F, X) to an arbitrary topological vector space E is continuous if and only S • i U is continuous for every open neighborhood U of F . For j = 1, 2, let U j be a neighborhood of F j in C ∞ , and let
by the previous lemma. It follows that f 1,1 −f 2,1 = 0, and therefore,
. We verify that q is well defined and continuous:
] ∈ P (F 1 , X) ⊕ P (F 2 , X) if and only if there exists there exists a neighborhood G j of F j so that f j | G j = g j | G j , which implies that ((f 1 − g 1 ) − (f 2 − g 2 ))| G 1 ∩G 2 = 0. In this case, Theorem 4, (T * ) − z is bounded below for each z ∈ V \ E. The conclusion now follows from [9, Prop. 3.1] , noting that, as in the proof of Theorem 4, it suffices that the set E = V ∩ σ K (T ) be countable rather than discrete.
Corollary 12. Let T ∈ B(X) and let V ⊂ C be an open set. Suppose that K(T * − z) is weak- * closed for each z ∈ V and that the set {z ∈ V : ran (T − z) is not closed} is countable. Then T * has (CR) weak− * on V . In particular, then T * has (CR) weak− * on ρ gk (T ).
Proof. 
); in particular, K(T * − z) is weak- * closed in X * . Since ρ gk (T ) ∩ σ K (T ), is countable, the result follows.
